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The Zel'dovih eet and evolution of atomi Rydberg spetra along the Periodi
Table
Eugene B. Kolomeisky and Mihael Timmins
Department of Physis, University of Virginia, 382 MCormik Rd.,
P. O. Box 400714, Charlottesville, VA 22904-4714
In 1959 Ya. B. Zel'dovih predited that the bound-state spetrum of the non-relativisti Coulomb
problem distorted at small distanes by a short-range potential undergoes a peuliar reonstrution
whenever this potential alone supports a low-energy sattering resonane. However doumented
experimental evidene of this eet has been laking. Previous theoretial studies of this phe-
nomenon were onned to the regime where the range of the short-ranged potential is muh smaller
than Bohr's radius of the Coulomb eld. We go beyond this limitation by restriting ourselves to
highly-exited s states. This allows us to demonstrate that along the Periodi Table of elements
the Zel'dovih eet manifests itself as systemati periodi variation of the Rydberg spetra with a
period proportional to the ubi root of the atomi number. This dependene, whih is supported
by analysis of experimental and numerial data, has its origin in the binding properties of the ioni
ore of the atom.
PACS numbers: 03.65.-w, 32.30.-r, 31.15.-p, 71.35.-y.
I. INTRODUCTION
In a variety of appliations in physis it is important to
understand how is the normal Hydrogen spetrum mod-
ied if at small distanes the Coulomb law is replaed by
a entral short-ranged potential. An important aspet of
this problem is the existene of two length sales - the
Bohr radius of the Coulomb eld aB and the range of
ation of short-range fores r0.
For example, in hadroni atoms formed by harged par-
tiles and antipartiles the large distane Coulomb at-
tration gives its way at short distanes to nulear fores
whose range r0 is signiantly smaller than aB [1℄.
In ondensed matter physis a similar problem is that
of the energy spetrum of the Wannier-Mott exiton [2℄.
When in a semiondutor an eletron is exited into the
ondution band, a bound state with a hole left in the va-
lene band an form. Due to the large dieletri onstant
of the medium the eletron and the hole in the exiton
are spatially well-separated. Therefore the eletron-hole
interation is a Coulomb attration modied at short dis-
tanes. In this ontext aB an exeed many times r0
whih is of the order of the Hydrogen Bohr radius.
Zel'dovih was apparently the rst to reognize that in
the limit r0 ≪ aB the spetrum of the distorted Coulomb
problem is peuliar [3℄. Sine the entrifugal barrier de-
reases the probability of partile penetration in the re-
gion of small distanes r, the eet of the short-range
potential is strongest for the states of zero angular mo-
mentum. In this ase the radial motion of a partile of
mass m and energy E in a entral potential U(r) is de-
sribed by the one-dimensional Shrödinger equation [4℄
d2χ
dr2
+
2m
~2
(E − U(r))χ = 0 (1)
where χ(r)/r is the radial wave funtion. Zel'dovih
hose U(r) = −~2/maBr for r ≥ r0 and U(r) = Us(r)
otherwise and demonstrated that as long as the short-
range potential Us(r) is not resonant, its eet is weak.
If, on the other hand, Us(r) has a low-energy satter-
ing resonane, a drasti reonstrution of the spetrum
takes plae. Using the example of the square well of
depth U0 he stated that as the dimensionless oupling
onstant w ≃ mr20U0/~2 inreases, the spetrum of the
problem En(w) evolves in a fashion resembling a sharp
dereasing stairase. The steps are loated at ritial val-
ues of w at whih bound states our in Us(r) only. As
w goes through the rst threshold, the Coulomb levels
En (n ≥ 2) quikly fall to En−1 while the ground state
E1 rapidly drops downward. The relative width of the
region where the spetrum reonstrution takes plae,
∆w/w ≃ r0/aB ≪ 1, is narrow, and qualitatively the
same pattern repeats itself upon passing through every
subsequent resonane.
A similar spetral behavior has been found by Popov
[5℄ in his analysis of the Dira equation for an eletron in
a eld of the bare nuleus of harge Ze with Z > 137.
The Zel'dovih eet has been re-disovered in the
spetra of hadroni atoms, and its generality has been
demonstrated for any interation with two widely dier-
ent spatial sales [6℄.
Various aspets of the spetrum reonstrution have
been investigated by Popov and ollaborators [7℄. Their
study was motivated by then existing experimental evi-
dene of the large 1s-level shift in the proton-antipropton
atom whih was naturally linked to the Zel'dovih eet.
Later it beame lear that the experimental level shifts
are small and the interest in the phenomenon delined.
As far as we know, at this time there is no doumented
experimental evidene of the Zel'dovih eet. This is
not surprising beause the spetrum reonstrution takes
plae in a narrow range of parameters in the viinity of
low-energy resonanes. However a given experimental
system is unlikely to be near resonane. A systemati
searh for the Zel'dovih eet would onsist in looking
2for spetral hanges in response to tuning of the en-
tral part of the potential whih is often impossible - the
strength of the nulear fore annot be hanged in the
laboratory.
Reently Karnakov and Popov [8℄ pointed out that the
Zel'dovih spetrum reonstrution takes plae for a Hy-
drogen atom as a funtion of the external magneti eld
thus providing an example of a system where a systemati
searh for the eet might be possible. Although the phe-
nomenon is observable in numerial studies, diret exper-
imental evidene is laking and may only ome from as-
trophysial observations as the pertinent magneti elds
are omparable to those on the surfae of a neutron star.
The goal of this paper is to demonstrate that evolu-
tion of the Rydberg spetra of ordinary atoms along the
Periodi Table provides diret evidene of the Zel'dovih
eet. Sine the ondition r0 ≪ aB does not hold in
atomi systems, the way the phenomenon manifests it-
self is less dramati - we will show that it an be seen as
a systemati periodi spetral modulation as a funtion
of the ubi root of atomi number Z.
It is known that for a highly exited s eletron of a Ry-
dberg atom the eet of polarization of the ioni ore is
negligible ompared to that of the wave funtion penetra-
tion in the entral region of the atom [9℄. Therefore the
eletron dynamis an be adequately desribed by Eq.(1)
where the eetive entral eld U(r) at large distanes is
that of a positively harged ion of harge e. On the other
hand, starting from distanes of the order of the size of
the ioni ore r0 ≃ aB the eld felt by the eletron begins
to deviate from the −e2/r form on-average dereasing, as
r → 0, to −Ze2/r. By inreasing Z along the Periodi
Table Nature systematially deepens the inner part of
the potential leaving the outer −e2/r tail intat. Thus
by analyzing the Rydberg spetra as a funtion of atomi
number Z it may be possible to orrelate them with the
binding properties of the ioni ore whih will onstitute
evidene of the Zel'dovih eet.
In atomi physis the motion of an eletron in the eld
of a residual atomi ion has been studied in the past.
Approximating the potential of the ioni ore by that of
the Thomas-Fermi or Thomas-Fermi-Dira theories Lat-
ter [10℄ omputed numerially the single-eletron term
values from 1s to 7d for all atoms. His ns spetra as a
funtion of atomi number Z for largest n studied learly
show modulations on a dereasing energy urve. It is
well-known that the large n atomi spetra are desribed
by the Rydberg formula [9℄
En = − ~
2
2ma2B
1
(n− µ)2 (2)
where µ is the quantum defet whih in the limit n→∞
does not depend on n. Latter's results imply that the de-
pendene of the quantum defet µ on Z has modulations
superimposed on an inreasing urve.
The µ(Z) dependene has been numerially omputed
by Manson [11℄ and by Fano, Theodosiou and Dehmer
[12℄ who used the Hartree-Slater model [13℄ to approx-
imate the potential of the ioni ore of the atom. Al-
though the periodi variations of µ(Z) are strongly ob-
sured by the shell eets (inluded in the Hartree-Slater
model), Fano, Theodosiou and Dehmer argued that they
are there and that there is a orrelation between the
loation of radial nodes of the funtion χ from Eq.(1)
near r0 and the slope of the µ(Z) dependene. In view
of the osillation theorem [4℄ the nodal struture of the
funtion χ is intimately related to the binding properties
whih suggests that systemati periodi variations of Ry-
dberg spetra as funtion of Z might be related to the
Zel'dovih eet.
In order to demonstrate that this onnetion is orret
below we ompute the upper part of the spetrum of the
modied Coulomb problem not assuming that r0 ≪ aB.
We show that the stairase reonstrution taking plae
for r0 ≪ aB and the spetral modulations for r0 ≃ aB
are dierent limiting ases of the same phenomenon -
sensitivity to the binding properties of the inner part of
the potential whih we ontinue to all the Zel'dovih
eet. We also ompare our results for µ(Z) with avail-
able experimental and numerial data to show that the
phenomenon is observable.
The organization of this paper is as follows. In Setion
II we provide a short derivation of the Rydberg formula
(2) and arrive at the expression for the quantum defet
in terms of the dimensionless range of the inner potential
and its sattering length. This general result is further
analyzed in the r0 ≪ aB limit and the main features
of the Zel'dovih spetral reonstrution are reovered
(Setion IIA). In Setion IIB we establish a relationship
between the Zel'dovih eet and Levinson's theorem of
quantum mehanis. This is followed (Setion IIC) by
the analysis of the opposite r0 ≫ aB limit where we
demonstrate that the Zel'dovih eet manifests itself in
the form of a spetral modulation whose origin still lies in
the binding properties of the inner potential Us(r). These
general ndings are illustrated in Setion IID where we
use the exatly-solvable example of the retangular well
as a model for the inner potential. In Setion IIE we
observe that only a treatment more aurate than semi-
lassial an apture the Zel'dovih eet.
Setion III fouses on the omputation of the system-
ati quantum defet of the Rydberg eletron as a funtion
of atomi number Z. First (Setion IIIA), for the inner
potential having an attrative Coulombi singularity at
the origin, we derive a semilassial expression for the
quantum defet and show that it is equal to the number
of de Broglie's half-waves tting inside the inner potential
minus a ontribution proportional to (r0/aB)
1/2
. Going
beyond the semilassial approximation we also demon-
strate that the Zel'dovih modulation of the quantum de-
fet is a periodi funtion of the number of de Broglie's
half-waves tting inside the ioni ore of the atom. This
is followed by an expliit alulation based on Latter's
model of the ioni ore [10℄. First, the semilassial quan-
tum defet is alulated as a funtion of Z1/3 (Setion
3IIIB). Then (in Setion IIIC) a full omputation ap-
turing the Zel'dovih eet is performed. An important
ingredient here is an approximate alulation of the sat-
tering length of the ioni ore of the atom. Both the
sattering length and the related Zel'dovih modulation
of the quantum defet turned out to be nearly periodi
funtions of Z1/3.
In Setion IV the results of our systemati alula-
tion are ompared with experimental and numerial data.
First, we observe that the bulk of the quantum defet val-
ues is well-aptured semilassially. Then (Setion IVA)
we demonstrate that the gross features of the deviation
away from semilassis are due to the eets of the shell
struture. This is done by establishing and demonstrat-
ing a orrelation between the variation of the radius of
the ioni ore of the atom and orresponding variation
of the quantum defet. Finally, in Setion IVB a Fourier
analysis of the quantum defet variation with Z1/3 is on-
duted whih singles out the Zel'dovih eet. As a by-
produt we also nd a Z1/3 periodi ontribution oming
from the shell eets.
We onlude (Setion V) by outlining our main result
and diretions of future work.
II. DISTORTED COULOMB PROBLEM AND
QUANTUM DEFECT
We will be interested in the low energy bound states
with the lassial turning point being far away from the
boundary of the entral region, i. e. ~
2/maB|E| ≫ r0.
Then the quikest way to derive the spetrum is via semi-
lassial arguments derived from those given by Migdal
[14℄:
For r0 < r < ~
2/maB|E| the semilassial solution to
Eq.(1) an be written in two equivalent forms:
χsc ∝ 1√
p
sin

1
~
~
2/maB |E|∫
r
pdr +
pi
4


∝ 1√
p
sin

1
~
r∫
r0
pdr + α


(3)
where p = (−2m|E| + 2~2/raB)1/2 is the momentum.
The rst representation in Eq.(3) is the standard result
with the phase of pi/4 improving on the deieny of
the semilassial approximation near the lassial turning
point, while the yet undetermined phase α in the seond
representation in Eq.(3) both orrets for the failure of
the semilassial approximation in a Coulomb eld at dis-
tanes r . aB and aounts for the short-range potential
Us(r).
For r0 < r ≪ ~2/maB|E| the Shrödinger equation (1)
simplies to
d2χ
dr2
+
2
raB
χ = 0 (4)
and an be exatly solved:
χ ∝ r1/2
(
J1(
√
8r/aB)− Y1(
√
8r/aB) tan δ
)
(5)
where Jν(x) and Yν(x) are the order ν Bessel funtions of
the rst and seond kind respetively [15℄. The solution
(5) is a linear ombination of the regular J1(0) = 0 and ir-
regular Y1(0) =∞ Coulomb funtions of zero energy, and
for the purely Coulomb problem, Us(r) = −~2/maBr,
one has to reover tan δ = 0.
For aB ≪ r ≪ ~2/maB|E| the semilassial approx-
imation is aurate, and the seond representation of
Eq.(3) yields χ ∝ r1/4 sin(
√
8r/aB −
√
8r0/aB + α).
On the other hand, the r ≫ aB limit of (5) is χ ∝
r1/4 sin(
√
8r/aB − pi/4 + δ) whih determines α in (3)
to be
√
8r0/aB − pi/4 + δ. It also implies that δ in (5)
is the zero-energy phase shift due to the small-distane
deviation of the potential from the Coulomb form.
The energy spetrum an be found from the require-
ment that the semilassial expressions (3) oinide.
Combined with α =
√
8r0/aB − pi/4 + δ this gives the
quantization rule
1
~
~
2/maB |E|∫
r0
pdr = pin− δ − x0 (6)
where dimensionless parameter
x0 =
√
8r0
aB
(7)
measures the range of the short-range fores. Calulating
the integral we arrive at Eq.(2) with δ = piµ whih is the
statement of Seaton's theorem [9℄ relating the quantum
defet to the zero-energy phase shift.
The range of appliability of Eq.(2), n − µ ≫
(r0/aB)
1/2 ≃ x0, follows from the ondition |E| ≪
~
2/maBr0 whih also implies that in order to alulate
the quantum defet entering the spetrum (2), we only
need to math (5) with its zero energy ounterpart at
r < r0.
We proeed by omputing h = [d lnχ/d ln r]r→r0+0,
the logarithmi derivative of the funtion (5) evaluated
at the boundary of the inner region:
h =
x0
2
J0(x0)− Y0(x0) tanpiµ
J1(x0)− Y1(x0) tanpiµ (8)
where we used δ = piµ. The quantum defet µ is deter-
mined by equating (8) to hs = [d lnχ/d ln r]r→r0−0 whih
an be found by solving the E = 0 Shrödinger equation
(1) for r < r0 with U(r) = Us(r):
d2χ
dr2
− 2m
~2
Us(r)χ = 0 (9)
The parameter hs an be equivalently expressed in terms
of the sattering length orresponding to the inner po-
tential only. Indeed for motion in a short-range potential
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Figure 1: Quantum defet for Us(r) = 0 as a funtion of the
range parameter x0, Eq.(7), and its x0 ≫ 1 limit, µ(0, x0) =
3/4− x0/pi (shown in gray sale).
the sattering length as is dened from the asymptoti
r → ∞ behavior χ(r) ∝ 1 − r/as of the solution to (9).
For a potential well identially vanishing for r > r0, this
is also the exat behavior outside the well with the im-
pliation that [3, 7℄
h−1s =
(
d lnχ(r → r0 − 0)
d ln r
)−1
= 1− as
r0
(10)
Then substituting h = hs in Eq.(8) and using (10) we
arrive at the formula for the quantum defet
tanpiµ =
2x−10 J1(x0) + (as/r0 − 1)J0(x0)
2x−10 Y1(x0) + (as/r0 − 1)Y0(x0)
(11)
If the short-distane potential is seleted in the form
Us(r) = −~2/maBr, i. e. we have the ordinary Coulomb
problem in the whole spae, the quantum defet µ enter-
ing the Rydberg formula (2) must vanish identially. It is
straightforward to verify that this is indeed the ase: the
E = 0 inner r < r0 solution to (1), χ ∝ r1/2J1(
√
8r/aB),
leads to the expression for the sattering length nullify-
ing the numerator of (11). This argument denes the
zero of the quantum defet and implies that µ is nees-
sarily positive if for all r ≤ r0 the inner potential Us(r) is
more attrative than the Coulomb potential −~2/maBr;
otherwise the quantum defet is negative. For example,
for Us(r) = 0 the quantum defet µ(0, x0) is a neg-
ative monotonially dereasing funtion of x0 suh as
µ = −x40/32 for x0 ≪ 1, and µ = 3/4 − x0/pi in the
opposite x0 ≫ 1 limit. The µ(0, x0) dependene as well
as its x0 ≫ 1 limit are shown in Fig. 1.
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Figure 2: Graphial solution of Eq.(12); x0 = 1/30 has been
used to onstrut the graph. The quantum defet µ is given
by the intersetions of the right-hand side of (12) with the
line of onstant aB/2pias.
A. Zel'dovih eet in the r0 ≪ aB limit
For x0 ≪ 1 Eq.(11) simplies to a form aumulating
the physis of the Zel'dovih eet:
aB
2pias
≡ 4
pix20(1− h−1s )
= − cotpiµ− 2
pi
ln
2
γx0
(12)
where ln γ = 0.5772 is Euler's onstant. Terms of higher
order in x0 whih for Us(r) = 0 lead to small negative
values of the quantum defet are negleted in (12).
We veried that Eq.(12) mathes the upper portion of
the ns spetrum whih for r0 ≪ aB is known in losed
form for any n [7℄. We also note that with some eort
Eq.(12) an be dedued from the expression for the phase
shift of the proton-proton sattering given by Landau and
Smorodinskii [16℄: in their formula we have to (i) reverse
the sign of the Bohr radius, (ii) take the limit of zero
energy, and (iii) employ Seaton's theorem [9℄ δ = piµ.
Fig. 2 shows the dependene of aB/2pias on µ given by
Eq.(12); its inverse µ(aB/2pias) is a multivalued funtion
onsisting of a series of inreasing step-like urves sand-
wihed between nearest non-negative integers. The slope
of µ(aB/2pias) is small everywhere exept for the viinity
of half-integer µ.
Sine typially the entral potential Us(r) is not res-
onant, |hs| in (12) is not small. Then the magnitude
of the sattering length is of the order of the size of
the inner well, |as| ≃ r0 and aB/2pi|as| ≃ 1/x20 is sig-
niantly larger than the last term in (12). This im-
plies that the quantum defet is very lose to an integer,
µ = −2as/aB (mod 1), with |as|/aB ≃ r0/aB ≪ 1. This
onlusion is in quantitative agreement with the results
of perturbation theory in as/aB when the deviation from
the Bohr Hydrogen formula is small [3, 17℄. It is ap-
pliable to an attrative non-resonant well of arbitrary
strength; for weak Us(r) whih annot support a bound
5state we have µ = −2as/aB > 0 [18℄ represented by the
leftmost intersetion in Fig. 2. We also note that the
spetrum is exatly Hydrogeni if the sattering length
is zero whih an be viewed as an analog of the Ramsauer
eet [19℄: in the present ontext it refers to a resonant
phenomenon when the distortion of the Coulomb poten-
tial at small distanes is invisible to the low-energy bound
(or inident) partile.
Exatly at half-integer µ the sattering length is neg-
ative with the magnitude |as| = (aB/4) ln−1(2/γx0) =
2r0x
−2
0 ln
−1(2/γx0) signiantly exeeding the size of the
entral region r0. This implies that the slope of the
µ(aB/2pias) dependene is largest when Us(r) itself is
almost resonant so that it supports a low-energy virtual
state. At the point of the steepest slope we also have
[dχ/dr]r=r0 ∝ hs ≃ (x20/2) ln(2/γx0) ≪ 1. Sine this is
pratially zero, one an equivalently say that the slope of
the µ(aB/2pias) dependene is largest when the antinode
of the funtion χ in Eq.(1) ours at the boundary of the
inner region r0. This riterion resembles that given by
Fano, Theodosiou and Dehmer [12℄ for the dependene
of the quantum defet µ on atomi number Z. We note
however, that for a Rydberg atom the size of the residual
ion does not satisfy the ondition r0 ≪ aB; this issue is
further addressed below.
If for all r the entral well is attrative, its eet an
be quantied by a single dimensionless oupling onstant
w ≃ mr20 |Us|/~2 > 0 where |Us| has a meaning of the
harateristi depth of the well. Then the inverse satter-
ing length a−1s is known to be a monotonially inreasing
funtion of w [7℄ - an as dependene shown in Fig. 3 in
gray sale is typial and may help illustrate the argument
given below.
The step-like features of the funtion µ(aB/2pias) are
amplied in the µ(w) dependene. Indeed, for w≪ 1 the
sattering length as is very small and negative. Then the
line of onstant aB/2pias in Fig. 2 lies at very large nega-
tive values, the quantum defet satises µ = −2as/aB ≪
1, and the deviation from the normal Hydrogen spetrum
is small. As the well deepens, the oupling onstant w
inreases, the sattering length beomes more negative
and the horizontal line of onstant aB/2pias moves up-
ward. However as long as the well remains non-resonant,
the quantum defet µ will only grow very little. The
strongest inrease of µ(w) in response to deepening of the
well (and thus the largest deviation from the Bohr Hydro-
gen formula) ours when the sattering length reahes a
very large negative value as = −2r0x−20 ln−1(2/γx0). For
x0 ≪ 1 this takes plae very lose to a threshold value
of the oupling onstant w when the rst bound state is
about to appear in Us(r). The relative width of the re-
onstrution region ∆w/w entered around µ = 1/2 thus
an be estimated from the saling behavior of the sat-
tering length near the threshold as ≃ r0w/∆w and the
ondition aB ≃ |as|. This leads to the original result of
Zel'dovih [3℄ ∆w/w ≃ r0/aB.
As the oupling onstant w inreases through the rst
binding threshold, the inverse sattering length hanges
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Figure 3: Evolution of the Zel'dovih eet for the retangular
well of radius r0 and depth U0 for a series of range parameters
x0, Eq.(7), manifested in the dependenes of the quantum
defet µ on ζ = (8mU0r
2
0/pi
2
~
2)1/2 ≃ w1/2. The orrelation
with the binding properties of the well is seen from the plot of
the redued sattering length as/r0 (gray sale). Shown are
also the values of the zero-energy phase shift δ = piµ relating
the Zel'dovih eet to Levinson's theorem.
sign, and the line of onstant aB/2pias in Fig. 2 enters
the region of positive values. After passing through the
reonstrution region, the positive sattering length de-
reases in magnitude, for as/aB ≪ 1 the quantum defet
is lose to unity, µ = 1− 2as/aB, and the deviation from
the normal Hydrogen spetrum is again small. In the re-
gion as ≃ r0 the sattering length does not vary strongly
with the depth of the well, and one an say that the
slope of the µ(w) dependene will be minimal when the
node of the funtion χ in Eq.(1) is near the boundary
of the entral region r0 whih parallels the riterion of
Fano, Theodosiou and Dehmer [12℄. Upon further in-
rease of the oupling onstant w, the sattering length
gets smaller and the line of onstant aB/2pias in Fig. 1
enters the region of very large positive values beoming
innite at as = 0.
To summarize, as as(w) goes through one omplete
yle dereasing from zero, passing through the binding
resonane, and then approahing zero from above, the
quantum defet µ(w) inreases from zero to unity in a
stairase fashion: it is mostly zero or unity exept for
the narrow region ∆w/w ≃ r0/aB ≪ 1, µ ≃ 1/2 near
the rst binding threshold of Us(r). Combined with the
Rydberg formula (2) this implies that the Coulomb levels
En quikly fall to En−1 whih onstitutes the essene of
the Zel'dovih eet [3℄.
As the oupling onstant w ontinues to inrease away
from as(w) = 0, the next yle, 1 < µ(w) < 2, begins and
qualitatively same pattern repeats itself. This remains
true for every subsequent yle with µ(w) sandwihed
6between nearest integers. Overall the quantum defet is
an inreasing funtion of w having the form of a stairase
with pratially integer plateaus and sharp steps loated
at half-integer µ. The steps orrespond to the presene
of the low-energy sattering resonanes in Us(r).
To illustrate this behavior we hoose the inner poten-
tial in the form of a retangular well of depth U0 whose
sattering length is given by as/r0 = 1− 2 tan(piζ/2)/piζ
with dimensionless parameter ζ = (8mU0r
2
0/pi
2
~
2)1/2 ≃
w1/2 quantifying the depth of the well. The sattering
length diverges at odd values of ζ whih orrespond to
onseutive ourrenes of bound states in the well; the
respetive dependene of as/r0 on ζ is shown in Fig. 3
in gray sale. We also plot the dependenes of the quan-
tum defet µ on ζ found from the general expression (11)
for a series of representative x0. The analysis based on
Eq.(12) is illustrated by the x0 = 1/10 and x0 = 1/2
urves; the latter orresponds to the ase of the proton-
antiproton atom [7℄. These dependenes have the form of
stairases with nearly integer plateaus; the steepness of
the steps where the quantum defet varies by unity and
the atness of the plateaus inrease as x0 gets smaller.
An inspetion reveals that the points of maximal slope
of µ(ζ) somewhat preede the sattering resonanes in
aordane with the analysis given above. This is seen
most learly for the ζ ≃ 1 step of the x0 = 1/2 urve.
Fig. 2 of Zel'dovih's work [3℄ has this feature as well.
From a pratial standpoint the steps an be onsidered
to oinide with the binding resonanes of the well.
The relative width of the reonstrution region ∆ζ/ζ
an be estimated as r0/aBζ
2
. Sine the threshold values
ζ grow linearly with the number of bound states, then
for xed x0 the steepness of the steps inreases with ζ as
an be seen in Fig. 3. This is merely the onsequene of
the sharpening of the binding resonanes. Similarly the
atness of the plateaus improves as ζ inreases, and the
points of least slope of the µ(ζ) dependene asymptoti-
ally approah even values of ζ. This is where the node
of the funtion χ in Eq.(1) oinides with the boundary
of the entral region, as = r0.
Finally we note that the quantum defet takes on ex-
atly integer values whenever the sattering length van-
ishes.
B. Connetion to Levinson's theorem
There is a deep parallel between the Zel'dovih reon-
strution of the upper E → 0 part of the Coulomb spe-
trum in the r0 ≪ aB limit and the low-energy sattering
by a short-range potential well. For a partile of energy
E = ~2k2/2m whose wave vetor k is small in magni-
tude, kr0 ≪ 1, sattered by the short-range potential
Us(r) vanishing for r > r0 the sattering length as an
be dened [20℄ through the k → 0 limit of the relationship
1/kas = − cot δs(k) (13)
where δs(k) is the phase shift. Employing Seaton's theo-
rem [9℄ δ = piµ relating the quantum defet to the zero-
energy phase shift it is straightforward to realize that
Eqs.(12) and (13) are diret analogs. The Coulomb eld
is haraterized by its own length sale, the Bohr ra-
dius aB. Its free partile ounterpart entering Eq.(13)
is the de Broglie wavelength 2pi/k. The range of ap-
pliability of Eq.(12) r0 ≪ aB parallels the low-energy
ondition kr0 ≪ 1 neessary for Eq.(13) to hold. The
analysis whih led to the explanation of the Zel'dovih
eet an be repeated for Eq.(13) with the onlusion
that the phase shift δs(k) as a funtion of the dimen-
sionless depth w of the sattering well has the form of a
sharp inreasing stairase whose plateaus pratially o-
inide with δs(k) = 0 (mod pi). The steps where the phase
shift hanges by pi are very narrow, ∆w/w ≃ kr0 ≪ 1,
and the points of steepest slope are loated at δs(k) ≃
pi/2 (mod pi). In the limit k → 0 the stairase beomes
perfet. This an be reognized as Levinson's theorem
[20℄ relating the number of bound states in a well with
the zero-energy sattering phase shift. We onlude that
for r0 ≪ aB the Zel'dovih eet expressed in terms of
the zero-energy phase shift δ is the Coulombi ousin of
Levinson's theorem [21℄. A speial ase of this orrespon-
dene, the Ramsauer-like reovery of the normal Hydro-
gen spetrum for as = 0, was already mentioned earlier.
In the limit x0 =
√
8r0/aB → 0 Zel'dovih's stairase be-
omes perfet and idential to Levinson's stairase. This
an be understood as a result of taking the neutral limit,
aB → ∞, when the Coulomb part of the binding poten-
tial U(r) in (1) vanishes. From this viewpoint, Levinson's
theorem is a onsequene of the Zel'dovih eet. To em-
phasize the onnetion to Levinson's theorem, in Fig. 3
we additionally show the zero-energy phase shift δ = piµ.
Fig. 3 also demonstrates that as x0 inreases, the
stairase µ(ζ) dependene with well-dened steps and
plateaus evolves into an inreasing funtion with mod-
ulations: the plateaus develop notieable slope and the
steps aquire a width. Moreover for suiently large
x0 & 1 the stairase-like appearane seems to emerge
only for a suiently deep well, i. e. large ζ. Another
feature is the presene of a negative oset whih is a
growing funtion of x0. This is due to the fat that for
Us(r) = 0 the quantum defet is a monotonially dereas-
ing negative funtion of x0 as shown in Fig. 1.
C. Zel'dovih eet in the r0 ≫ aB limit
In the x0 ≫ 1 limit Eq.(11) simplies to the form
as
r0
=
2
x0
cot(piµ+ x0 − 3pi
4
) + 1 (14)
allowing model-independent treatment. The analysis of
Eq.(14) is onvenient to ondut in terms of the redued
quantum defetM = µ+x0/pi−3/4 whose zero gives the
x0 ≫ 1 asymptoti of µ for Us(r) = 0. Eq.(14) an be
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Figure 4: Graphial solution of Eq.(14); x0 = 4 has been
used to onstrut the graph. The redued quantum defet
M = µ+x0/pi−3/4 is given by the intersetions of the right-
hand side of (14) with the line of onstant as/r0.
investigated in a manner analogous to that of Eq.(12); a
brief summary is given below.
Fig. 4 shows the dependene of as/r0 on M = µ +
x0/pi − 3/4 given by Eq.(14); its inverse M(as/r0) is a
multivalued funtion onsisting of a series of dereasing
step-like segments sandwihed between nearest integers.
The magnitude of the slope of M(as/r0) is smallest at
integerM whih ours at binding resonanes, as = ±∞,
i. e. when the antinode of the funtion χ in Eq.(1)
oinides with the boundary of the inner region r0. In the
viinity of integer M we nd M = 2r0/pix0as (mod 1).
This translates into an expliit result for the quantum
defet µ = 3/4− x0/pi + 2r0/pix0as (mod 1) valid in the
limit x0 ≫ 1 and r0/x0as ≪ 1, thus roughly overing the
range of |as| from r0 to innity. In the viinity of the rst
binding resonane we have µ = 3/4− x0/pi + 2r0/pix0as
whih is represented by the leftmost intersetion in Fig. 4.
The magnitude of the slope of the M(as/r0) depen-
dene is largest at half-integerM whih ours at as = r0,
i. e. when the node of the funtion χ in Eq.(1) oin-
ides with the boundary of the inner region r0. Sine
the redued quantum defet M is a dereasing funtion
of as/r0, and the sattering length as is a dereasing
funtion of the well depth w [7℄, then for xed x0 the
parameter M (and thus the original quantum defet µ)
is an inreasing funtion of w.
In ontrast to the x0 ≪ 1 regime, here the step-
plateau features of the funtion M(as/r0) are generally
suppressed in theM(w) dependene. This is beause the
dependene of the sattering length as on the depth of
the well w is weakest in the region as ≃ r0 where the
M(as/r0) dependene shows a step. By the same to-
ken the plateaus aquire a notieable slope sine the
as(w) dependene is strongest near the binding reso-
nane, as = ±∞, i. e. where the M(as/r0) dependene
is weakest. As a result the dependene of the quantum
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Figure 5: Plot of the surfae of the relative quantum defet
∆µ(ζ, x0) = µ(ζ, x0) − µ(0, x0) for a retangular potential
well with dimensionless range and depth parameters x0 and
ζ, respetively, aording to Eq.(11).
defet µ on the depth of the well w is more appropriately
viewed as onsisting of modulations superimposed on an
inreasing urve. These modulations still have their ori-
gin in the binding properties of the inner potential Us(r).
D. Retangular well example
The analysis of Setions IIA and IIC is illustrated in
Fig. 5 where using the example of the retangular well
and Eq.(11) we plot the surfae of the relative quantum
defet ∆µ(ζ, x0) = µ(ζ, x0)− µ(0, x0). The point of sub-
trating µ(0, x0) from µ(ζ, x0) is to isolate the physis of
binding from the bakground µ(0, x0) whih is a mono-
tonially dereasing funtion of x0 shown in Fig. 1. The
peuliar shape of the resulting surfae an then be un-
derstood as follows:
For x0 ≪ 1 the bakground ontribution µ(0, x0)
is negligible (see Fig. 1), the relative quantum defet
∆µ(ζ, x0) redues to µ(ζ, x0) whih, aording to our ear-
lier analysis, is a stairase funtion of ζ with steps loated
at odd ζ, i. e. when the bound states our in the well.
For x0 ≫ 1 the bakground ontribution µ(0, x0) is
3/4 − x0/pi, and we nd that ∆µ(ζ, x0) = µ(ζ, x0) −
µ(0, x0) = µ(ζ, x0) + x0/pi − 3/4 = M whih, aord-
ing to Fig. 4, is a dereasing stairase funtion of as/r0.
For not very deep well the dependene on ζ has a form
of a rounded stairase with steps and plateaus en-
tered at even (as = r0) and odd (as = ±∞) values
of ζ, respetively. In this regime the underlying step-
plateau harater of the M(as/r0) funtion is preserved
in the M(ζ) dependene due to the appreiable slope of
the as(ζ) dependene at as = r0 and relatively weak di-
vergene at as = ±∞. To reapitulate, both for x0 ≪ 1
and x0 ≫ 1 and not very deep well the relative quantum
8defet ∆µ(ζ, x0) is an inreasing stairase funtion of the
depth parameter ζ with the steps loated at odd (x0 ≪ 1)
or even (x0 ≫ 1) values of ζ. The rossover between the
two regimes an be seen in Fig. 5 as a relatively narrow
stripe of very weak modulations.
A qualitatively dierent stairase-like dependene
emerges for x0 ≫ 1 and suiently deep well beause as
ζ → ∞ the slope of the as(ζ) funtion at as = r0 tends
to zero while the binding resonanes, as = ±∞, beome
progressively more singular. As a result the steps and
plateaus swith plaes - the former beomes entered
at odd while the latter at even values of ζ. This is some-
what similar to what happens in the x0 ≪ 1 limit. This
observation explains why the small modulation rossover
stripe in Fig. 5 runs at an angle to the (∆µ, ζ) plane.
The important qualitative dierene between the x0 ≪ 1
and x0, ζ ≫ 1 stairases is that the latter have plateaus
entered at half-integer values of M , thus orresponding
to the oinidene of a node of the funtion χ in Eq.(1)
with the boundary of the inner region r = r0.
E. Semilassial treatment
For most realisti models of the inner potential Us(r)
the exat analytial alulation of the sattering length
as entering the general expression for the quantum defet
Eq.(11) may not be possible. Therefore it is pertinent to
understand whether there is an approximate analytial
treatment apturing the Zel'dovih spetrum reonstru-
tion. This is espeially relevant to the x0 ≫ 1 regime
when the phenomenon manifests itself only as a modula-
tion of the quantum defet superimposed on a monotoni
urve.
For x0 ≫ 1 and suiently smooth Us(r) the stan-
dard semilassial approximation is appliable, and the
orresponding solution to Eq.(9) an be written as
χsc(r) ∼ (S′(r))−1/2 sin S(r)
~
, (15)
where
S(r) =
r∫
0
(−2mUs(r))1/2 dr (16)
is the lassial ation aquired by a zero-energy partile
moving radially out from zero to r, and the prime in
Eq.(15) denotes dierentiation with respet to r. The
semilassial expression for the sattering length whih
an be dedued from Eq. (15) with the help of Eq. (10)
has been given by Berry [22℄
as
r0
= 1−
(
− ~
2
2mr20Us(r0)
)1/2
tan
S0
~
(17)
where S0 ≡ S(r0). Eqs.(15) and (17), generalizing the
retangular well expressions for the wave funtion and
the sattering length, are appliable when the number of
de Broglie's half-waves S0/pi~ tting inside Us(r) is very
large. If we additionally assume the ontinuity of the
entral potential U(r) in Eq.(1) at the boundary of the
inner region,
Us(r0) = −~2/maBr0, (18)
then Eq.(17) simplies to as/r0 = 1 − (2/x0) tan(S0/~).
Combining this with Eq.(14) we nd an expliit semilas-
sial expression for the quantum defet
µsc =
3
4
− x0
pi
+
S0
pi~
− 1
2
(19)
whih an be interpreted as approximately the sum of
3/4 − x0/pi, the quantum defet for Us(r) = 0, and the
number of de Broglie's half-waves S0/pi~ tting inside the
inner part of the potential; the estimate µsc ≃ S0/pi~ has
been given earlier [9℄. The number of de Broglie's half-
waves an be estimated in terms of the dimensionless
depth of the inner well w ≃ mr20 |Us|/~2 as S0/pi~ ≃ w1/2
whih implies that for xed x0 the quantum defet (19)
is a monotonially inreasing funtion of w without any
modulations. We onlude that the Zel'dovih modula-
tions of the quantum defet are lost in the semilassial
approximation despite the fat that the orresponding
sattering length (17) does exhibit binding resonanes.
Thus for x0 ≫ 1 a treatment better than semilassial
is required to apture the deviations from monotoni be-
havior; a similar onlusion has been reahed earlier [12℄.
For the retangular well of radius r0 and depth
U0 haraterized by the oupling onstant ζ =
(8mU0r
2
0/pi
2
~
2)1/2 the expression for the sattering
length (17) is exat, and then Eq.(19) predits that
µ = 1/4 − x0/pi + ζ/2 = 1/4 − ζ/2 < 0. This is the
x0, ζ ≫ 1 value of the quantum defet in the middle of the
small modulation stripe in Fig. 5 whose lous, x0 = piζ,
an be dedued from Eq.(18). The quantum defet is
negative beause for ontinuous U(r) the short-distane
retangular well potential is always less attrative than
the Coulomb potential.
III. QUANTUM DEFECT OF RYDBERG
ELECTRON
Now when we understand the manifestations of the
Zel'dovih eet, and what kind of auray is required to
approximately apture it, we begin omputing the quan-
tum defet of the Rydberg eletron as a funtion of po-
sition along the Periodi Table. The quantum defet is
given by the exat result Eq.(11) with r0 and as, being
the size and the sattering length of the residual atomi
ion, respetively, both dependent upon atomi number
Z. The resulting µ(Z) dependene will exhibit mod-
ulations both due to systemati (Zel'dovih) and shell
eets. As disussed in the Introdution, the shell ef-
fets obsure systemati trends making it diult to see
9that some modulations of µ(Z) have their origin in the
binding properties of the ioni ore. To irumvent this
inonveniene below we ondut a alulation apturing
only systemati eets. The omparison of the results
with both experimental and numerial data (addition-
ally ontaining the shell eets) will allow us to disentan-
gle physially dierent soures of deviation from purely
monotoni behavior.
A. Method of omparison equations
The short-distane potential Us(r) haraterizing the
residual atomi ion will be assumed to math at its
boundary the Coulomb potential of unit harge [10℄,[12℄
(see Eq.(18)). As the Rydberg eletron moves inside the
ioni ore, the sreening of the nulear harge by the
inner shell eletrons diminishes whih implies that for
r < r0 the short-distane potential Us(r) is more attra-
tive than the Coulomb potential of unit harge. There-
fore the quantum defet is a neessarily positive and in-
reasing funtion of atomi number Z. As r → 0, the
inner potential approahes that of a nuleus of harge
Ze, i. e. Us(r → 0) → −Ze2/r = −Z~2/maBr, and
Eq.(9) redues to
d2χ
dr2
+
2Z
raB
χ = 0 (20)
This presents a onvenient starting point for obtaining
an approximate solution to the dierential equation (9)
via the method of omparison equations as desribed by
Berry and Mount [23℄. Sine Eq.(20) is exatly solvable,
and the potentials of Eqs.(9) and (20) are somewhat sim-
ilar, the solution to (9) should be also similar to that of
(20) and an be transformed into it by a slight deforma-
tion of oordinates and an amplitude adjustment. The
details of nding an appropriate mapping are given in
Ref. [23℄; the resulting approximate solution of (9) is
then given by
χ(r) ∼
(
S(r)
S′(r)
)1/2
J1
(
S(r)
~
)
(21)
The method of omparison equations inludes the on-
ventional semilassial treatment as a speial ase [23℄.
From this more general viewpoint Eq. (15) an be viewed
as a result of the deformation and amplitude adjustment
of the retangular well sine solution.
To assess the auray of (21) let us rst look at the
limit S(r)/~≪ 1. Aording to Eq.(16) this orresponds
to r → 0 when Us(r) → −Z~2/maBr. Then S(r →
0)/~→ (8Zr/aB)1/2 and χ(r → 0) ∼ r1/2J1(
√
8Zr/aB)
whih an be reognized as the solution to (20).
In the opposite limit S(r)/~ ≫ 1 a semilassial ap-
proximation is expeted to be valid and Eq.(21) simplies
to χ(r) ∼ (S′(r))−1/2 sin(S(r)/~ − pi/4). This is similar
to the naive semilassial result (15) with the extra phase
of −pi/4 orreting for the failure of the standard semi-
lassial treatment in the Coulomb eld of harge Ze at
distanes r . aB/Z. Thus for the inner potential Us(r)
whih has a Coulombi singularity as r → 0 but is oth-
erwise smooth the analog of Eq.(19) is
µsc = −x0
pi
+
S0
pi~
(22)
The expression for the sattering length orresponding
to Eq.(21) an be found with the help of Eq.(10)
as
r0
= 1−4
(
x0
(
~
S0
+
J0(
S0
~
)− J2(S0~ )
J1(
S0
~
)
)
− r0U
′
s(r0)
Us(r0)
)−1
(23)
where we also used the ondition of ontinuity (18).
Eq.(23) an be used to go beyond the semilassial ex-
pression (22). Combining Eqs.(14) and (23) we nd that
in the x0, S0/~ ≫ 1 limit the quantum defet an be
presented as µ = µsc + δµ where µsc is the semilassial
answer (22) and the orretion,
δµ =
r0U
′
s(r0)
4pix0Us(r0)
(
1− sin 2S0
~
)
, (24)
aptures the Zel'dovih eet now manifesting itself as a
simple harmoni modulation superimposed on the semi-
lassial bakground. The period of the osillation is ex-
atly one de Broglie's half-wave while the amplitude is of
the order x−10 . The fat that the latter is independent of
the number of de Broglie's half-waves tting inside Us(r)
implies that the Zel'dovih eet persists for any value of
S0/pi~.
B. Thomas-Fermi model of atomi ion:
semilassial solution
Below we follow Latter [10℄ and assume that the po-
tential of the atomi ion Us(r) an be approximated by
the Thomas-Fermi theory [24℄:
Us(r) = − ~
2Z
maBr
φ(
rZ1/3
baB
) (25)
where b = (3pi/4)1/2/2 ≃ 0.885, and the universal fun-
tion φ(y) is the solution to the nonlinear Thomas-Fermi
equation
y1/2
d2φ
dy2
= φ3/2 (26)
subjet to the boundary onditions φ(0) = 1 and φ(∞) =
0 [24℄. Then the size of the ion r0 and thus the range
parameter x0 (7) are determined by the ontinuity on-
dition (18), i. e. when the Thomas-Fermi potential (25)
meets the Coulomb potential of unit harge:
φ(
x20Z
1/3
8b
) =
1
Z
(27)
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Eqs. (25) and (27) imply that the natural variable
to haraterize the strength of the potential of the
atomi ion is Z1/3. Indeed, the typial length sale
of the Thomas-Fermi theory is aB/Z
1/3
, the magni-
tude of the typial potential is (Z~2/maB)(Z
1/3/aB) =
(~2/ma2B)Z
4/3
, and thus the dimensionless oupling on-
stant w ≃ mr20 |Us|/~2 whih entered the general analysis
of Setion II is of the order Z2/3; the parameter Z1/3 then
parallels ζ ≃ w1/2 used in the retangular well example
of the inner potential.
Sine the Thomas-Fermi funtion φ(y) is a monoton-
ially dereasing funtion of its argument, the x0(Z
1/3
)
dependene dened through Eq.(27) is a monotonially
inreasing funtion of Z1/3. The boundary ondition
φ(0) = 1 implies that x0(1) = 0 whih is in aor-
dane with the expetation that for Hydrogen (Z = 1) we
have the standard Coulomb problem in the whole spae
(x0 = 0). As evident from (27) small values of φ are
relevant for large Z; in view of φ(y →∞)→ 144/y3 [24℄
this means that there is an upper bound to the range
parameter, x0(∞) = 213/631/3b1/2 ≃ 6.092.
Another quantity of interest is the number of de
Broglie's half-waves tting inside the Thomas-Fermi
atomi ion
S0
pi~
=
r0∫
0
(−2mUs(r)
pi2~2
)1/2
dr
=
(2b)1/2Z1/3
pi
x2
0
Z1/3/8b∫
0
(
φ(y)
y
)1/2
dy (28)
whih is a monotonially inreasing funtion of Z1/3: for
Z → 1 it vanishes as x0/pi while for large Z we have
S0/pi~ ∼ Z1/3, a known result [14℄.
For intermediate values of the atomi number the Z1/3
dependenes of the range parameter x0 and the number
of de Broglie's half-waves S0/pi~ an be found by numer-
ially solving the Thomas-Fermi equation (26), inverting
(27), and omputing the integral (28). The results are
displayed in Fig. 6 where we show x0/pi and S0/pi~ as
funtions of Z1/3. These funtions are used to also plot
the semilassial quantum defet given by Eq.(22). To as-
sess the auray of the resulting µsc(Z
1/3) dependene
we need to verify whether approximations used to derive
Eq.(22) are adequate. The rst assumption, x0 ≫ 1, is
equivalent to the assertion that the quantum defet for
Us(r) = 0 an be replaed by its large x0 limit. Looking
at Fig. 1 where the dependenes in question are ompared
we onlude that large here really means x0 & pi. The
seond, semilassial assumption S0/~ ≫ 1 in pratie
has a good auray provided S0/pi~, the number of de
Broglie's half-waves tting into the inner potential Us(r),
is anything more than one or two. Inspeting Fig. 6 we
see that the onditions x0/pi & 1 and S0/pi~ & 2 are
satised for Z & 8. This is also the pratial ondition
for the Thomas-Fermi-Latter model of the residual ion
to be appliable. We note additionally that although
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Figure 6: Plots of the number of de Broglie's half-waves
S0/pi~, (28), the range parameter x0/pi, (27), and semilas-
sial quantum defet µsc, (22) as funtions of Z
1/3
for the
Thomas-Fermi model of the residual atomi ion.
Eq.(22) is not expeted to be valid for smallest Z, the
limit µ(1) = 0 is nevertheless orretly reprodued and
for any Z the semilassial quantum defet is an inreas-
ing positive funtion of Z1/3 in aordane with physial
expetation. We onlude that exept possibly for the
elements of the rst row of the Periodi Table, the semi-
lassial result for the quantum defet Eq.(22) shown in
Fig. 6 is aurate; only qualitative agreement is expeted
for lightest elements.
C. Beyond semilassial approximation: onnetion
to binding properties of ioni ore
A more aurate µ(Z1/3) dependene an be found
by omputing the sattering length (23) and substitut-
ing the outome together with the x0(Z
1/3) dependene,
Fig. 6, in our general expression for the quantum defet
(11). The result is shown in Fig. 7 where we also plot the
semilassial quantum defet, µsc, Eq.(22) (gray sale).
It now beomes obvious that for any Z the bulk ontribu-
tion into the quantum defet is well-aptured semilassi-
ally. The Zel'dovih spetral modulation learly visible
in Fig. 7 is a relatively weak eet. To separate the mod-
ulation from the monotoni s semilassial bakground
the inset shows the dierene δµ = µ − µsc whih ap-
pears to be a nearly periodi funtion of Z1/3. To better
understand the meaning of this periodiity the inset also
shows the limiting expression (24) (gray sale) [25℄. Both
urves are exatly in phase and for suiently heavy el-
ements their magnitudes agree semi-quantitatively. This
observation implies that the Zel'dovih modulation is a
periodi funtion of the number of de Broglie's half-waves
tting inside the ioni ore of the atom.
A omplementary way to see the onnetion between
the spetral modulation and the binding properties is
presented in Fig. 8 where we ompare the δµ(Z1/3) de-
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Figure 7: Dependene of the quantum defet µ on Z1/3 along
with its semilassial approximant µsc, Eq.(22) (gray sale).
The inset shows the Zel'dovih modulation δµ(Z1/3) = µ−µsc
together with the limiting expression, Eq.(24) (gray sale).
pendene with the behavior of the sattering length of
the residual atomi ion (23). The latter, numerially
omputed for the Thomas-Fermi model of the residual
atomi ion, Eqs.(25) - (28), is shown in gray sale. The
binding singularities of the sattering length are nearly
equidistant onrming the earlier observation that the
parameter Z1/3 is analogous to ζ used in Figs. 3 and 5
to display the Zel'dovih eet for the retangular well
model of the inner potential. A qualitatively similar be-
havior of the sattering length of the Thomas-Fermi atom
as a funtion of Z has been reported by Robinson [26℄;
quantitative dierenes may be attributed to the assump-
tion [26℄ that the Thomas-Fermi potential vanishes at a
distane of the order aB/Z
1/3
whih is dierent from our
hoie of r0, Eqs.(18) and (27).
Fig. 8 makes it lear that the maxima of the osillation
δµ our when as = r0, i. e. when the node of the
funtion χ(r) in Eq.(1) oinides with the boundary of
the atomi ion. On the other hand, the minima of δµ
are orrelated with binding singularities of the ioni ore,
as = ±∞, thus orresponding to the antinode of χ(r)
being near the ion boundary.
IV. COMPARISON WITH EXPERIMENTAL
AND NUMERICAL DATA
We found experimental values of quantum defets for
37 elements of the Periodi Table. These data and their
soures are ompiled in Table 1 where we also list sys-
temati quantum defets of our work (also displayed in
Fig. 7). Some of the gures whih we regard as exper-
imental ame from an on-line database [29℄ where the
quantum defet is omputed from available spetrosopi
data.
In ases of He, Be, Mg, Ca, and Mo there is more than
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Figure 8: Dependenes of the Zel'dovih modulation δµ =
µ − µsc and the redued sattering length of the ioni ore
as/r0 (gray sale) on Z
1/3
. The lines as/r0 = 0 and as/r0 = 1
are also shown to help the eye.
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Figure 9: Systemati, experimental, and numerial depen-
denes of the quantum defet µ on Z1/3. To help orientation
within the Periodi Table experimental alkali data are irled.
one value of the quantum defet available depending on
the angular momentum of the ioni ore of the atom.
Sine our theory represents average properties and does
not distinguish between dierent LS terms of an atomi
onguration, in Table 1 we hose to show only the values
orresponding to lowest angular momentum of the ioni
ore. It turns out they better agree with our alulation
than those left out.
The works of Manson [11℄ and Fano, Theodosiou and
Dehmer [12℄ ontain graphs of numerially evaluated
µ(Z) dependene for all elements. After verifying that
the results of both studies are nearly idential, we hose
to restrit ourselves to those of the later Ref.[12℄.
Experimental, numerial and systemati µ(Z1/3) de-
pendenes are displayed in Fig. 9. In order to produe
the numerial urve, the data [12℄ have been sanned,
digitized, and replotted as a funtion of Z1/3. We also
12
Table I: Experimentally measured quantum defets for series
of elements with their atomi numbers Z and orresponding
referenes. Systemati quantum defets of this work are also
displayed for omparison.
Z Element Experimental µ Referene Systemati µ
2 He .139 [27℄ .110
3 Li .400 [28℄ .336
4 Be .670 [29℄ .478
5 B 1.000 [29℄ .600
6 C 1.050 [29℄ .744
7 N 1.091 [29℄ .904
8 O 1.132 [29℄ 1.040
9 F 1.203 [29℄ 1.144
10 Ne 1.300 [30℄ 1.229
11 Na 1.348 [28℄ 1.307
12 Mg 1.517 [29℄ 1.388
13 Al 1.758 [31℄ 1.476
14 Si 1.816 [29℄ 1.574
16 S 1.947 [29℄ 1.774
17 Cl 2.128 [32℄ 1.861
18 Ar 2.140 [30℄ 1.935
19 K 2.180 [28℄ 1.999
20 Ca 2.340 [27℄ 2.056
22 Ti 2.400 [33℄ 2.161
23 V 2.300 [33℄ 2.134
26 Fe 2.600 [33℄ 2.390
29 Cu 2.600 [27℄ 2.594
30 Zn 2.639 [34℄ 2.660
36 Kr 3.100 [30℄ 2.956
37 Rb 3.131 [35℄ 2.994
38 Sr 3.269 [27℄ 3.031
39 Y 3.385 [36℄ 3.067
42 Mo 3.476 [37℄ 3.180
47 Ag 3.600 [38℄ 3.404
49 In 3.720 [39℄ 3.503
54 Xe 4.000 [30℄ 3.722
55 Cs 4.049 [40℄ 3.759
56 Ba 4.200 [27℄ 3.793
70 Yb 4.280 [27℄ 4.193
78 Pt 4.611 [36℄ 4.479
79 Au 4.660 [41℄ 4.515
83 Bi 4.890 [27℄ 4.645
irled loations of alkali metals beause their ioni ores
have noble element eletroni ongurations thus mark-
ing (for the Rydberg atom problem) the end of a period.
Fig. 9 makes it lear that all three dependenes are
in fairly good agreement and Z1/3 is ertainly the right
variable to use for analysis. It is not surprising that nu-
merial results [12℄ are generally in better agreement with
experimental data than our systemati ndings beause
our alulation omits the shell eets.
A. Eets of shell struture
In order to be able to separate systemati and shell ef-
fets, in Fig. 10 we display δµ = µ−µsc, the modulation
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Figure 10: Modulation of systemati, experimental and nu-
merial quantum defet δµ = µ−µsc relative to the semilas-
sial bakground, Eq.(22) as a funtion of Z1/3.
of the quantum defet relative to the monotoni semilas-
sial bakground, Eq.(22), whih aounts for the bulk of
the quantum defet value. Fig. 10 shows that the exper-
imental and numerial variations of the quantum defet
are bounded whih is onsistent with the view that they
are due to repetitive physis. Moreover, the systemati
modulation due to the Zel'dovih eet appears to have
an amplitude whih is several times smaller than those
of experimental and numerial data. This observation
implies that it may be possible to understand gross fea-
tures of the experimental and numerial modulations of
the quantum defet as mostly due to the eets of the
shell struture.
This viewpoint an be supported by qualitative anal-
ysis whih rests on the semilassial result (22). First,
let us antiipate the outome of inorporating the shell
eets into the alulation. This amounts to replaing
the smooth inner potential Us(r) by one with modula-
tions due to the spatial variation of the eletron density
reeting the shell struture. This replaement will re-
sult in a value of the size of the ioni ore r0, Eq.(18),
generally dierent from its systemati ounterpart.
Let us additionally assume that the inner potential
Us(r) with shell eets inluded is still suiently smooth
so that a semilassial treatment is valid. The orre-
sponding quantum defet (22) will deviate away from the
systemati result due to dierent values of the range pa-
rameter x0, Eq.(7), and the number of de Broglie's half-
waves, S0/pi~. Beause the latter involves the integral of
(−Us(r))1/2 from zero to r0 (see Eqs.(16) and (28)) the
modulations above and below the systematis present in
Us(r) are expeted to largely anel eah other and the
deviation from our results an be mostly attributed to
the dierent size of the ioni ore.
This argument implies that the quantum defet is
strongly sensitive to the value of the size of ioni ore
r0 and weakly sensitive to the details of the inner po-
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Figure 11: Slater's ioni radii for singly-harged positive ions
together with a series of orresponding ioni radii in rystals
and systemati sizes of ioni ore of the Rydberg atom, all in
atomi units, as funtions of Z1/3. Numerial variation of the
quantum defet δµ = µ − µsc is also displayed to show the
orrelation with Slater's radii.
tential Us(r). In reality the inner potential may not be
smooth enough for the semilassial treatment to be quan-
titatively orret. Therefore we do not expet more than
a qualitative insight into the trends of the variations of
the quantum defet indued by the shell eets.
The simple rule that emerges an be most easily de-
dued from Fig. 6 by keeping in mind the relationship
between the range parameter x0, Eq.(7) and the size of
the ioni ore r0 ∝ x20: deviation in r0 away from system-
atis leads to the same sign deviation in the quantum de-
fet. Sine the size of the ioni ore of the Rydberg atom
has a physial meaning lose to that of an ioni radius,
to verify the orrelation we need a set of ioni radii for
singly-harged positive ions as a funtion of position Z
along the Periodi Table.
Seventy ve years ago J. C. Slater [42℄ gave a very use-
ful, general, empirial set of rules to approximate analyt-
ially atomi wave funtions for all the elements in any
stage of ionization. The radial part of the single-eletron
wave funtion is seleted in the form
ψ(r) ∝ rn∗−1e−Z∗r/n∗aB (29)
whih an be reognized as the large-distane asympotis
of a Hydrogen-like wave funtion with an eetive quan-
tum number n∗ and an eetive nulear harge Z∗e.
Based on the underlying eletroni struture, Slater's
rules assign values of n∗ and Z∗ to the eletrons of eah
shell of an atom or ion, so that a omplete set of single-
eletron wave funtions an be onstruted.
For a given shell the maximum of the eletron density
4pir2ψ2(r) is loated at
rmax/aB = (n
∗)2/Z∗ (30)
whih formally oinides with the expression for the ra-
dius of the orresponding irular orbit in Bohr's old the-
ory. The radius of the maximum density of the outermost
shell is expeted to orrelate with the size of the atom or
ion. Speially, Slater denes an ioni radius r0 > rmax
as a distane at whih the eletron density beomes 10%
of its maximal value.
Using the existing knowledge of eletroni ongura-
tions [43℄ we applied Slater's rules to alulate the ioni
radii of singly-harged positive ions. The result is shown
in Fig. 11 where the elements marking the beginning or
an end of more dramati hanges in the ioni radius are
labeled. For omparison we also displayed a series of
ioni rystal radii [44℄ used for prediting and visualizing
rystal strutures. Crystal ioni radii are based on exper-
imental rystal struture determinations, empirial rela-
tionships, and theoretial alulations. As Fig. 11 shows,
they are in fair agreement with their Slater's ounter-
parts. We hasten to mention that neither Slater's nor
the rystal ioni radii are expeted to oinide with what
we dene as the size of the ioni ore of the Rydberg
atom, Eq.(18). It seems highly plausible, however, that
Slater's ioni radii are orrelated with the sizes of ioni
ore of the Rydberg atom.
Inspetion of Fig. 11 tells us that the average Slater's
ioni radius slowly grows with Z1/3 in fairly good agree-
ment with our systemati result. A loser look reveals
that our systemati radius appears to be onsistently
smaller than its Slater's ounterpart. If the same re-
lationship would hold between the systemati and (un-
known) exat sizes of ioni ores of Rydberg atoms, then
the fat that experimental and numerial quantum de-
fets in Figs. 9 and 10 are generally larger than their
systemati ounterparts would be explained.
The large variation of the Slater's ioni radius away
from the average trend is due to the eets of the shell
struture. Their role in determining the ioni radius an
be most easily visualized based on the expression for the
radius of the maximum eletron density (30) whih or-
relates with the ioni radius. This result emphasizes the
following main priniples:
(i) As Z inreases, all the n levels move down in energy
whih amounts to replaing n by its eetive ounterpart
n∗ ≤ n. If the eletrons are added to an outer shell, the
eetive nulear harge Z∗e seen by eah of them grad-
ually inreases. This is beause the outer shell eletrons
are relatively ineient in shielding the nulear harge.
As a result the ion slowly ontrats.
(ii) As a new outer shell begins to ll, the eet of going
into the higher shell outweighs the eet of lowering of
an n level as Z inreases to Z+1. This orresponds to an
abrupt inrease of the eetive prinipal quantum num-
ber n∗. Moreover, the eetive harge Z∗e seen by the
outermost eletron drops beause now all remaining Z−2
eletrons belong to inner shells thus eiently sreening
the nulear harge. These hanges in n∗ and Z∗ ause a
sharp inrease of the ion size.
Slater's rules [42℄ add a quantitative aspet to these
priniples. In the following explanation of the variation
of the ioni radius, Fig. 11, we are always speaking of the
14
positive singly-harged ions whose eletroni ongura-
tions are taken from the NIST database [43℄.
In going from
2
He (1s1), to 3Li (1s2) the ion size
dereases. As one moves to
4
Be ([He℄2s1) the added
eletron enters the higher 2s shell, and the ioni ra-
dius sharply inreases. Similar inreases take plae
as one goes from every alkali to the following alkali
earth ion. A related jump in ioni radius also ours
past every noble element ion,
29
Cu ([Ar℄3d10) → 30Zn
([Ar℄3d104s1), 47Ag ([Kr℄4d10) → 48Cd ([Kr℄4d105s1),
and
79
Au ([Xe℄4f145d10) → 80Hg ([Xe℄4f145d106s1) be-
ause a higher s-shell starts to be oupied. An analogous
argument explains the sharp inrease of ioni radius while
going from
24
Cr ([Ar℄3d5) to 25Mn ([Ar℄3d54s1) and from
42
Mo ([Kr℄4d5) to 43T ([Kr℄4d55s1)
As one moves from
4
Be ([He℄2s1) to 11Na ([He℄2s22p6)
the 2s and 2p shells are lled by the eletrons, and the
ion size gradually dereases. A similar eet explains the
derease of the ioni radius along the
12
Mg ([Ne℄3s1)19K
([Ne℄3s23p6), 30Zn ([Ar℄3d104s1)37Rb ([Ar℄3d104s24p6),
48
Cd ([Kr℄4d105s1)55Cs ([Kr℄4d105s25p6), and 80Hg
([Xe℄4f145d106s1)87Fr ([Xe℄4f145d106s26p6) sequenes.
The ioni radius dereases through the
20
Ca ([Ar℄4s1)
21
S ([Ar℄3d14s1)22Ti ([Ar℄3d24s1) segment. This hap-
pens beause the eletrons lling the 3d shell only par-
tially sreen the nulear harge - as a result the outer
4s eletron sees a gradual inrease of eetive Z∗. The
same argument explains the derease of ion size while go-
ing from
25
Mn ([Ar℄3d54s1) to 26Fe ([Ar℄3d64s1) whih
is merely a ontinuation of the Ca-Ti segment. The de-
rease of ioni radius through the
73
Ta ([Xe℄4f145d36s1)
77
Ir ([Xe℄4f145d76s1) series an be similarly under-
stood. In fat, the rst entry of this series is
70
Yb
([Xe℄4f145d06s1) where we intentionally modied the
standard notation to show the absene of the 5d ele-
tron.
The size of the ion rst abruptly dereases while
going from
22
Ti ([Ar℄3d24s1) to 23V ([Ar℄3d4) and
then ontinues dereasing more gradually as one moves
to
24
Cr ([Ar℄3d5). The sudden hange is due to the
fat that the outer shell hanges from 4s to 3d whih
an be viewed as a derease in the eetive quantum
number n∗. The subsequent slower inrease of the ioni
radius is due to the inrease of the eetive nulear
harge Z∗e seen by the larger number of 3d eletrons.
The same trend is exhibited in the
40
Zr ([Kr℄4d25s1)
41
Nb ([Kr℄4d4)42Mo ([Kr℄4d5) sequene. A very
similar behavior is found in the
26
Fe ([Ar℄3d64s1)
27
Co ([Ar℄3d8)28Ni ([Ar℄3d9)29Cu ([Ar℄3d10), 43T
([Kr℄4d55s1)44Ru ([Kr℄4d7) 45Rh ([Kr℄4d8)46Pd
([Kr℄4d9)47Ag ([Kr℄4d10), and 77Ir ([Xe℄4f145d76s1)
78
Pt ([Xe℄4f145d9)79Au ([Xe℄4f145d10) series.
Superially, a similar steep derease of the
ion size is followed by more gradual derease in
the
70
Yb ([Xe℄4f146s1) 71Lu ([Xe℄4f146s2) 72Hf
([Xe℄4f145d16s2) sequene. This behavior an be ex-
plained by notiing that in both steps the eetive Z∗
felt by a 6s eletron inreases; the inrease during the
seond step is smaller beause inner shell d eletrons are
more eient in sreening the nulear harge than s ele-
trons.
While going from
38
Sr ([Kr℄5s1) to 39Y ([Kr℄5s2) and
to
40
Zr ([Kr℄4d25s1) a derease of ioni radius follows by
an inrease. This happens beause the eetive Z∗ felt
by an outer 5s eletron rst inreases and then dereases.
The inrease of the size of the ion is somewhat smaller
than the derease beause two 4d eletrons in Zr only
partially shield two extra units of the nulear harge.
For the
63
Eu ([Xe℄4f76s1)64Gd ([Xe℄4f75d16s1)
65
Tb ([Xe℄4f96s1) sequene the ioni radius rst de-
reases and then inreases bak to its initial value. This
happens beause the d eletron in Gd is less eetive in
shielding the nulear harge than the f eletron in Tb
(onsidered perfet in Slater's sheme).
One of the less intuitive inreases of ioni radius takes
plae while going from
56
Ba ([Xe℄6s1) to 57La ([Xe℄5d2).
On one hand, the eetive prinipal quantum number
n∗ dereases whih aording to (30) should lower the
ioni radius. However as ompared to the 6s eletron
of Ba, the eetive Z∗ seen by one of La's 5d eletrons
also dereases. This happens beause the inner shell 5sp
eletrons sreen the nulear harge more eetively if the
outer shell eletrons are in a d state (La) as ompared to
an s state (Ba). As a result the derease in Z∗ outweighs
the derease in n∗ thus leading to an inrease of the ion
size. A very similar argument explains the reversed de-
rease of ioni radius taking plae as one goes from
58
Ce
([Xe℄4f15d2) (whose size is idential to that of La) to
59
Pr ([Xe℄4f36s1) (idential in size to Ba). Here the role
of the 4f eletrons merely redues to ompensating for
the inrease of the nulear harge.
The ioni radius does not hange as one moves from
57
La ([Xe℄5d2) to 58Ce ([Xe℄4f15d2) beause the inrease
of nulear harge is exatly ompensated by adding a
4f eletron. The same argument explains the on-
stany of the ioni radius along most of the lanthanide
sequene,
59
Pr ([Xe℄4f36s1) 63Eu ([Xe℄4f76s1), 65Tb
([Xe℄4f96s1) 70Yb ([Xe℄4f146s1). The only exeption
from this trend,
64
Gd ([Xe℄4f75d16s1, has already been
disussed.
Now when the variations of the Slater's ioni radius
are understood, we an ompare them with experimental
and numerial modulations of the quantum defet. Sine
the numerial data are more extensive than experimen-
tal ndings, and the agreement between the two is fairly
good, in Fig. 11 we only show the variation of the nu-
merially evaluated quantum defet δµ = µ − µsc. The
inspetion of Fig. 11 leaves no doubt that the variations
of the quantum defet with Z1/3 are orrelated with those
of the Slater's ioni radius - even the minute hanges of
the latter nd their way in the orresponding hanges of
the former.
There are however two plaes where it appears there
is a disagreement with expetation:
(i) Along most of the lanthanide sequene the Slater's
ioni radius does not hange while the variation of the
15
quantum defet dereases. This an be understood as an
artifat of the Slater's rules. In reality the f eletrons
do not perfetly sreen the nulear harge. Therefore the
eetive harge seen by the outer 6s eletron inreases
with Z1/3 and orrespondingly the ioni radius should
derease. Then the quantum defet variation should de-
rease as well whih is in orrespondene with numerial
results. We also note that the Gd dip of the ioni radius
is reprodued in the quantum defet variation.
(ii) For the elements past Hg, the Slater's ioni radius
dereases with Z1/3 while the variation of the quantum
defet inreases. The reason why it happens is unlear.
It annot be ruled out that here the eets of the shell
struture might be so strong that our orrelation rule
derived from semilassial arguments breaks down qual-
itatively.
Overall, the analysis of this setion makes it ertain
that the gross features of the quantum defet variation
with Z1/3 are due to the eets of the shell struture.
B. Zel'dovih modulation
Qualitative analysis is of little use in trying to see the
Zel'dovih eet in experimental and numerial data be-
ause the Zel'dovih modulation has an amplitude whih
is several times smaller than that due to the eets of the
shell struture (see Fig. 10). A way to proeed quantita-
tively is suggested by the fashion in whih the shell and
systemati eets are oupled.
Inspeting the limiting expression for the Zel'dovih
modulation, Eq.(24), it is straightforward to see that af-
ter replaing systemati Us(r) with the one aounting
for the shell struture, the amplitude of the Zel'dovih
modulation will beome strongly sensitive to the eets
of the shell struture beause it is determined by the log-
arithmi derivative of the inner potential Us(r) and the
range parameter x0. On the other hand, the period of
the osillation is far less sensitive to the eets of the
shell struture sine it is determined by the number of
de Broglie's half-waves tting inside the ioni ore of the
atom.
This last observation suggests that it might be possible
to see the Zel'dovih eet in the experimental and nu-
merial Fourier spetra of the quantum defet variation
δµ = µ− µsc (see Fig. 10) as a peak whose loation an
be brought in orrespondene with the systemati theory.
To proeed in this diretion, in a range of Z1/3 of length
L we expand the quantum defet variation into a Fourier
series
δµ(Z1/3) =
∑
k=2pip/L
µk exp(ikZ
1/3) (31)
where p = 0,±1,±2, .... In order to numerially evaluate
the Fourier oeients µk = µ
∗
−k, the experimental and
numerial δµ(Z1/3) dependenes (see Fig. 10) were tted
with a ubi spline whih was then sampled equidistantly
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Figure 12: Systemati, experimental and numerial ampli-
tudes of the Fourier oeients of the quantum defet varia-
tion (arbitrary units, same normalization ) |µk| as funtions of
k for k ≥ 0. The peaks at k ≃ 11 orrespond to the Zel'dovih
eet.
in Z1/3 to extrat the Fourier spetrum. The result for
the magnitude of the Fourier oeients |µk| as a fun-
tion of k is displayed in Fig. 12 as a series of solid dots
whih for onveniene are onneted by straight line seg-
ments. The unertainty of the loation of eah dot along
the k axis, 2pi/L, is the distane between the nearest
values of k. Sine the last available experimental quan-
tum defet orresponds to
83
Bi (see Table 1), for both
experimental and numerial data we restrited ourselves
to L = 831/3. The nite values of µ0 orrespond to the
presene of nonzero bakground in experimental and nu-
merial δµ(Z1/3) dependenes and are of no interest to
us.
For omparison in Fig. 12 we also show the Fourier
spetrum of our systemati alulation whih, as ex-
peted, has only one peak orresponding to the Zel'dovih
eet. The position of the peak along the k axis an be
understood from the large Z asymptotis of the Thomas-
Fermi ation S0/~ ≃ 5.2Z1/3 (28). Comparing this with
the limiting expression for the Zel'dovih modulation (24)
we would expet a peak at k ≃ 10.4. The peak in
Fig. 12 is loated at a slightly dierent value of k ≃ 11
whih is due to the fat that the asymptoti behavior
S0/~ ≃ 5.2Z1/3 beomes numerially aurate only for
Z1/3 exeeding 10.
Both the experimental and numerial spetra in Fig. 12
have peaks at the same value of k ≃ 11 whih we argue
are the signatures of the Zel'dovih eet.
It is urious that both experimental and numerial
spetra have another peak in ommon loated at k ≃ 5.5.
This peak whih is about twie as high as that due to the
Zel'dovih eet is natural to relate to the eets of the
shell struture. The existene of this peak translates into
the (2pi/5.5)Z1/3 = 1.14Z1/3 periodiity of the quantum
defet variation due to the eets of the shell struture.
This onlusion resembles the Z1/3 periodi osillation of
16
the ground-state energy of an atom away from the sys-
temati trend [45℄. With unertainty of the peak loation
in mind, one may speulate that our result is a manifes-
tation of the same eet for highly-exited states. More
work is neessary to bring understanding to this issue.
We also repeated the same Fourier analysis by hoos-
ing the range of Z1/3 to be L = 1021/3 whih inludes all
the numerial data. As far as experimental data go in the
range of Z1/3 between 831/3 and 1021/3 we used extrap-
olation of our ubi spline t. As a result the peaks just
disussed slightly hange their positions and amplitudes
but within the 2pi/L unertainty systemati, experimen-
tal and numerial Fourier spetra share a peak in om-
mon orresponding to the Zel'dovih eet. Similarly,
experimental and numerial spetra ontinue to share a
peak in ommon due to the eets of the shell struture.
V. CONCLUSIONS AND FUTURE
DIRECTIONS
In this paper we analyzed in a model-independent fash-
ion the weakly-bound s spetra of the distorted Coulomb
problem for arbitrary relationship between the range of
the inner potential and Bohr's radius of the Coulomb
eld. We demonstrated that the spetra are fairly sensi-
tive to the binding properties of the inner potential whih
onstitutes the essene of the Zel'dovih eet, and es-
tablished the orresponding details of spetral hanges.
Armed with these results, we onduted an analysis of
experimental and numerial Rydberg spetra of atoms
along the Periodi Table whih indeed show an evidene
of the Zel'dovih eet. Our analysis an be extended
and adopted in several diretions:
First, there is an abundane of experimental and nu-
merial data for atomi Rydberg states of nite angular
momenta whih are likely to ontain signatures of the
Zel'dovih eet. However, in the limit of a very short-
ranged inner potential the way the eet manifests it-
self is somewhat dierent from its s state ounterpart
[7℄. This observation makes it pertinent to generalize our
analysis to the ase of nite angular momentum.
It has been known for some time [46℄ that the Ryd-
berg formula (2) is superior to the Wannier (Bohr) for-
mula quoted in textbooks [2℄ in representing exitoni
spetra in ondensed matter systems. Experimental ex-
amples here inlude lean and doped rare-gas solids and
rare-gas impurities in solid hydrogen. Although this is
a ontext in whih the Zel'dovih eet has been origi-
nally disovered [3℄, to the best of our knowledge there
were no attempts to relate it to exitoni quantum de-
fets. Beause of the dieletri sreening of the Coulomb
interation, the Zel'dovih eet in these systems is ex-
peted to be more pronouned than in atomi Rydberg
spetra. Only minor hanges to our analysis are needed
to understand the exitoni Rydberg spetra.
Other examples of systems where the Zel'dovih ef-
fet should have experimental signatures inlude Ryd-
berg ions and eletroni image states [47℄.
VI. ACKNOWLEDGMENTS
We are grateful to T. F. Gallagher and R. R. Jones
for sharing with us their expertise. We also aknowledge
R. M. Kalas and X. Yang who partiipated in the initial
stages of this projet. This work was supported by the
Chemial Sienes, Geosienes and Biosienes Division,
Oe of Basi Energy Sienes, Oe of Siene, U. S.
Department of Energy.
[1℄ L. D. Landau and E. M. Lifshitz, Quantum Mehanis,
(Pergamon, New York, 1977), Setions 117 and 138.
[2℄ N. W. Ashroft and N. D. Mermin, Solid State Physis,
(Saunders, Philadelphia, 1976), Chapter 30.
[3℄ Ya. B. Zel'dovih, Fiz, Tverd. Tela (Leningrad), 1, 1637
(1959) [Sov. Phys. Solid State 1, 1497 (1959).
[4℄ Setions 21 and 32 of Ref. [1℄.
[5℄ V. S. Popov, Zh. Eksp. Teor. Fiz. 60, 1228 (1971) [Sov.
Phys. JETP 33, 665 (1971)℄.
[6℄ A. E. Kudryavtsev, V. E. Markushin, and I. S. Shapiro,
Zh. Eksp. Teor. Fiz. 74, 432 (1978) [Sov. Phys. JETP 47,
225 (1978)℄; I. S. Shapiro, Phys. Rep. 35C, 131 (1978)℄;
D. A. Kirzhnits and F. M. Pen'kov, Zh. Eksp. Teor. Fiz.
82, 657 (1982) [Sov. Phys. JETP 55, 393 (1982)℄.
[7℄ A. E. Kudryavtsev and V. S. Popov, Pis'ma Zh. Eksp.
Teor. Fiz. 29, 311 (1979) [Sov. Phys. JETP Lett. 29,
280 (1979)℄, V. S. Popov, A. E. Kudryavtsev and V. D.
Mur, Zh. Eksp. Teor. Fiz. 77, 1727 (1979) [Sov. Phys.
JETP 50, 865 (1979)℄, V. S. Popov, A. E. Kudryavtsev,
V. I. Lisin, and v. D. Mur, Zh. Eksp. Teor. Fiz. 80, 1271
(1981) [Sov. Phys. JETP 53, 650 (1981)℄, B. M. Kar-
nakov, A. E. Kudryavtsev, V. D. Mur, and V. S. Popov,
Zh. Eksp. Teor. Fiz. 94, 65 (1988) [Sov. Phys. JETP 68,
1333 (1988)℄.
[8℄ B. M. Karnakov, Pis'ma Zh. Eksp. Teor. Fiz. 77, 73
(2003) [JETP Lett. 77, 68 (2003)℄, V. S. Popov, ibid.
79 (2003) [ibid. 74 (2003)℄.
[9℄ H. Friedrih, Theoretial Atomi Physis, (Springer-
Verlag, 1991).
[10℄ R. Latter, Phys. Rev. 99, 510 (1955).
[11℄ S. T. Manson, Phys. Rev. 182, 97 (1969).
[12℄ U. Fano, C. E. Theodosiou and J. L. Dehmer, Rev. Mod.
Phys. 48, 49 (1976).
[13℄ F. Herman and S. Skillman, Atomi Struture Calula-
tions (Prentie-Hall, Englewood Clis, N. J., 1963).
[14℄ A. B. Migdal, Qualitative Methods in Quantum Theory
(Benjamin, Reading, MA, 1977), Chapter 3.
[15℄ N. N. Lebedev, Speial Funtions and Their Appliations,
(Prentie-Hall, In. Englewood Clis, New Jersey, 1965).
[16℄ L. D. Landau and Ya. A. Smorodinskii, Zh. Eksp. Teor.
17
Fiz. 14, 269 (1944); see also Eq. (138.12) of Ref. [1℄.
[17℄ S. Deser, M. L. Goldberger, K. Baumann, and W.
Thirring, Phys. Rev. 96, 774 (1954).
[18℄ A more aurate alulation based on Eq.(11) gives µ =
−2as/aB − x
4
0/32 whih is negative for suiently weak
Us(r); for x0 ≪ 1 this eet however is negligible as an
be seen from Fig. 3.
[19℄ Setion 132 of Ref. [1℄.
[20℄ Setion 133 of Ref. [1℄.
[21℄ A generalization of Levinson's theorem to potentials with
Coulomb tails an be found in Z. R. Iwinski, L. Rosen-
berg, and L. Spruh, Phys. Rev. Lett. 54, 1602 (1985),
and Z. Ma Phys. Rev. D 33, 1745 (1986).
[22℄ M. V. Berry, Si. Prog., Oxf. 57, 43 (1969).
[23℄ M. V. Berry and K. E. Mount, Rep. Prog. Phys. 35, 315
(1972).
[24℄ Setion 70 of Ref. [1℄.
[25℄ Eq.(24) predits that there is an unphysial divergene as
Z → 1 + 0 whih is present but hardly notieable in the
inset. The osillation shown in bold is everywhere nite.
[26℄ L. B. Robinson, Phys. Rev. 117, 1281 (1960).
[27℄ A. A. Radzig and B. M. Smirnov, Referene Data on
Atoms, Moleules and Ions, (Springer-Verlag, 1985), Ta-
ble 5.2, and referenes therein.
[28℄ C. Jaé and W. P. Reinhardt, J. Chem. Phys. 66, 1285
(1977), and referenes therein.
[29℄ TOPbase: on-line interative database of atomi data,
http://vizier.u-strasbg.fr/topbase/home.html.
[30℄ K. Radler and J. Berkowitz, J. Chem. Phys. 70, 216
(1979).
[31℄ S. F. Dyubko, V. A. Efremov, V. G. Gerasimov and K.
B. MaAdam, J. Phys. B: At. Mol. Opt. Phys. 37, 1967
(2004).
[32℄ B. Rusi and J. Berkowitz, Phys. Rev. A 40, 6716
(1989).
[33℄ R. H. Page and C. S. Gudeman, J. Opt. So. Am. B 7,
1761 (1990).
[34℄ M. Kompitsas, C. Baharis, and Z. Pan, J. Opt. So. Am.
B 11, 697 (1994).
[35℄ W. Li, I. Mourahko, M. W. Noel and T. F. Gallagher,
Phys. Rev. A 67, 052502 (2003).
[36℄ Z. J. Jakubek and B. Simard, J. Phys. B: At. Mol. Phys.
33, 1827 (2000).
[37℄ D. M. Rayner, S. A. Mithell, O. L. Bourne and P. A.
Hakett, J. Opt. So. Am. B 4, 900 (1987).
[38℄ F. Federmann, K. Homann, N. Quaas, and J.D.Close,
Phys. Rev. Lett. 83, 2548 (1999).
[39℄ J. H. M. Neijzen and A Dönszelmann, J. Phys. B: At.
Mol. Phys. 15, 1981 (1982).
[40℄ P. Goy, J. M. Raimond, G. Vitrant and S. Harohe, Phys
Rev A 26, 2733 (1982).
[41℄ G. J. Ding, R. C. Shang, L. F. Chang, K. L. Wen, Q.
Hui, and D. Y. Chen, J. Phys. B: At. Mol. Opt. Phys.
22, 1555 (1989).
[42℄ J. C. Slater, Phys. Rev. 36, 57 (1930).
[43℄ Atomi Referene Data for Eletroni Struture Calula-
tions, http://physis.nist.gov/PhysRefData/DFTdata/.
[44℄ CRC Handbook of Chemistry and Physis, D.
R. Lide, Editor-in-Chief, 84th Edition 2004-
2005 (Boa Raton, CRC Press, LLC), 12-14;
http://www.hbpnetbase.om/. The rystal ioni
radius of the same ion varies with its oordination
number; the data shown in Fig. 11 are averages (if more
than one oordination number is possible).
[45℄ B.-G. Englert, Semilassial Theory of Atoms, Leture
Notes in Physis, 300 (Springer-Verlag, Berlin, 1988),
Chapter 5, and referenes therein.
[46℄ L. Resa and R. Resta, Phys. Rev. B 19, 1683 (1979), and
referenes therein; V. Saile, R. Reininger, P. Laporte, I.
T. Steinberg, and G. L. Findley, Phys. Rev. B 37, 10901
(1988), and referenes therein.
[47℄ S. G. Davison and M. Stes'lika, Basi Theory of Surfae
States, (Clarendon Press, Oxford, 1992), Chapter 7, and
referenes therein.
